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Abstract
In this paper, lower semi-continuous functions are used to modify the proof of
Caristi’s ﬁxed point theorems on partial metric spaces. We prove a new type of ﬁxed
point theorems in complete partial metric spaces, and then generalize them to metric
spaces. Some more general results are also obtained on partial metric spaces.
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1 Introduction
The number of extensions of the Banach contraction principle have appeared in literature.
One of its most important extensions is known as Caristi’s ﬁxed point theorem because
Caristi’s theorem is a variety of Ekeland’s -variational principle []. In , Caristi []
proved the following ﬁxed point theorem.
Theorem . Let (X,d) be a complete metric space and f : X → X, and let φ be a lower
semicontinuous function from X into [,∞). Assume that d(x, f (x))≤ φ(x) – φ(f (x)) for all
x ∈ X. Then f has a ﬁxed point in X.
Caristi’s ﬁxed point theorem was generalized by several authors. For example, Bae []
generalized Caristi’s theorem to prove the ﬁxed point theorem for weakly contractive set-
valued mappings. Downing and Kirk [] generalized Caristi’s theorem to prove the sur-
jectivity theorem for a nonlinear closed mapping. See also [] and others [, ].
In , Siegel [] found that based on the work of Brondsted [] (see also []), Caristi
[] had given a signiﬁcant generalization of the contraction theorem. However, Caristi’s
proof, as well as other more recent ones [], lacked the constructive aspect of the original
proof. Therefore, he presented a version of Caristi’s theoremwhich oﬀered a construction
of the ﬁxed point as a countable iteration of application of suitable operators in a complete
metric space.
In recent years many works on domain theory have beenmade in order to equip seman-
tics domain with a notion of distance, see []. In particular, Matthews [] introduced the
notion of a partial metric space as a part of the study of denotational semantics of dataﬂow
network, showing that the Banach contractionmapping theorem can be generalized to the
partial metric context for applications in program veriﬁcation.
© 2013 Klin-eam; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
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In this paper we present a version of Caristi’s theorem which oﬀers a construction of
the ﬁxed point as a countable iteration of application of suitable operators in a complete
partial metric space. The theorem we present is proved by a very simple argument which
is in the spirit of the original contraction theorem.
2 Preliminaries
First, we start with some preliminaries on partial metric spaces. For more details, we refer
the reader to [].
Deﬁnition . Let X be a nonempty set. The mapping p : X ×X →R+ satisﬁes:
(i) p(x,x)≤ p(x, y) for all x, y ∈ X .
(ii) x = y if and only if p(x,x) = p(y, y) = p(x, y).
(iii) p(x, y) = p(y,x) for all x, y ∈ X .
(iv) p(x, y)≤ p(x, z) + p(z, y) – p(z, z) for all x, y, z ∈ X .
Then p is called a partial metric on X and (X,p) is called a partial metric space.
Note that the self-distance of any point need not be zero, hence the idea of generalizing
metrics so that a metric on a non-empty set X is precisely a partial metric p on X such
that p(x,x) =  for any x ∈ X.
Deﬁnition . Let (X,p) be a partial metric space. For any x ∈ X and ε > , we deﬁne
respectively the open and closed ball for the partial metric p by setting
Bε(x) =
{
y ∈ X : p(x, y) < ε}, B¯ε(x) = {y ∈ X : p(x, y)≤ ε}.
Contrary to the metric space case, some open balls may be empty. As an example, in a
partial metric space (X,p), the open balls Bp(x,x)(x) are empty for any x ∈ X. For example,
consider the function p : R– × R– → R+ deﬁned by p(x, y) = –min{x, y} for any x, y ∈ X.
Then the pair (R–,p) is a partial metric space. In a partial metric space (X,p), the set of
open balls is the basis of aT topology onX, called the partialmetric topology and denoted
by T[p].
Lemma . Let (X,p) be a partial metric space, and let ps : X ×X →R+ ∪ {} be deﬁned
by
ps(x, y) = p(x, y) – p(x,x) – p(y, y), ∀x, y ∈ X.
Then (X,ps) is a metric space.
Deﬁnition . A sequence {xn} in a partial metric space (X,p) converges to x ∈ X, and
we write limn→∞ xn = x if, for any ε >  such that x ∈ Bε(x), there exists N ≥  so that for
any n≥N , xn ∈ Bε(x).
Deﬁnition . If {xn} is a sequence in a partial metric space (X,p), then x ∈ X is a proper
limit of {xn}written xn → x (properly) if xn → x in (X,ps). If a sequence has a proper limit,
then one says that the sequence is properly convergent.
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Deﬁnition . A sequence {xn} in a partial metric space (X,p) is called aCauchy sequence
if limn,m→∞ p(xn,xm) exists and is ﬁnite. A partial metric space (X,p) is said to be complete
if every Cauchy sequence {xn} in X converges with respect to T[p] to a point x ∈ X such
that p(x,x) = limn,m→∞ p(xn,xm).
The following lemma on a partial metric space can be derived easily (see, e.g., [, ]).
Lemma . Let (X,p) be a partial metric space. Then
(i) a sequence {xn} in a partial metric space (X,p) converges to a point x ∈ X if and only
if p(x,x) = limn→∞ p(x,xn),
(ii) a sequence {xn} in a partial metric space (X,p) converges properly to a point x ∈ X if
and only if p(x,x) = limn→∞ p(xn,xn) = limn→∞ p(x,xn),
(iii) a sequence {xn} in a partial metric space (X,p) is a Cauchy sequence if and only if it
is a Cauchy sequence in the metric (X,ps),
(iv) a partial metric space (X,p) is complete if and only if the metric space (X,ps) is
complete.Moreover,
p(x,x) = lim
n→∞p(xn,xn) = limn→∞p(x,xn) ⇔ limn→∞p
s(x,xn) = .
Deﬁnition . A function f : X → R is called lower semi-continuous if for any sequence
{xn} in X and x ∈ X such that {xn} converges to x, we have f (x)≤ lim infn→∞ f (xn).
3 Main results
Let (X,p) be a complete partial metric space. Let φ : X →R+ and g : X → X be not neces-





– p(x,x) – p
(
g(x), g(x)
)≤ φ(x) – φ(g(x)), x ∈ X.
Given a sequence of functions fi, ≤ i <∞,
∞∏
i=
fi(x) = limi→∞ fifi– · · · f(x).
If it exists, call it the countable composition of the fi.
Now, we let  = {f | f : X → X and p(x, f (x)) – p(x,x) – p(f (x), f (x)) ≤ φ(x) – φ(f (x))},
g = {f | f ∈ and φ(f )≤ φ(g)}, and then we prove a simple lemma as follows.
Lemma . Both  and g are closed under compositions. Moreover, if φ is lower semi-
continuous, then  and g are closed under countable compositions.
Proof We ﬁrst show that  is closed under compositions.









≤ [p(x, f(x)) + p(f(x), ff(x)) – p(f(x), f(x))]


































































≤ φ(x) – φ(f(x)) + φ(f(x)) – φ(ff(x))




implies that ff ∈.
Furthermore, we have g is closed under compositions.































So, we obtain from the above inequalities that
≤ φ(f(x)) – φ(ff(x))≤ φ(g(x)) – φ(ff(x)),
and then φ(ff)≤ φ(g). This implies that ff ∈g .
Therefore  and g are closed under compositions. 
To show the classes are closed under countable composition, we use the following
lemma.
Lemma . Let {xn} be a sequence in a partial metric space (X,p) such that
p(xn+,xn) – p(xn+,xn+) – p(xn,xn)≤ φ(xn) – φ(xn+), ∀n ∈N,
then limn→∞ xn = x¯ and p(x¯,xn) – p(x¯, x¯) – p(xn,xn) ≤ φ(xn) – φ(x¯), for each n, where φ is
a lower semi-continuous function.
Proof We will prove that limn−→∞ xn = x¯ and
p(x¯,xn) – p(x¯, x¯) – p(xn,xn)≤ φ(xn) – φ(x¯).
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We note that
p(xn+,xn) – p(xn+,xn+) – p(xn,xn)≤ φ(xn) – φ(xn+), ∀n ∈N,
and we see that
p(xn+,xn) – p(xn+,xn+) – p(xn,xn) ≥ p(xn+,xn) – p(xn+,xn) – p(xn,xn+)
= p(xn+,xn) – p(xn+,xn) – p(xn+,xn)
= .
It follows that
≤ φ(xn) – φ(xn+), ∀n ∈N.
Thus
φ(x)≥ φ(x)≥ · · · ≥ φ(xn)≥ φ(xn+)≥ · · · > ,
and then the sequence of value φ(xn) is decreasing and bounded below, which implies that
{φ(xn)} is a convergent sequence in R, that is, a Cauchy sequence. Thus, for ε > , there
exists n ∈N such that for allm > n > n, we have
∣∣φ(xn) – φ(xm)∣∣ < ε.
By the triangle inequality, we have
p(xn,xm) – p(xn,xn) – p(xm,xm)≤ φ(xn) – φ(xm).
Therefore
p(xn,xm) – p(xn,xn) – p(xm,xm)≤
∣∣φ(xn) – φ(xm)∣∣ < ε.
It follows that ps(xn,xm) < ε. Thus {xn} is a Cauchy sequence in X, and the complete-
ness of the space (X,ps) implies that {xn} converges and so there exists x¯ ∈ X such that
limn→∞ xn = x¯. Moreover, we have









= φ(xn) – limm→∞φ(xm)
≤ φ(xn) – lim infm→∞ φ(xm)
≤ φ(xn) – φ(x¯).
This last inequality obtained by φ is lower semi-continuous.
Therefore p(x¯,xn) – p(x¯, x¯) – p(xn,xn)≤ φ(xn) – φ(x¯). 
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The remainder of the proof of Lemma. amounts to the observation that for each x ∈ X,
the sequence xi = fifi– · · · f(x) satisﬁes the conditions of Lemma .. Before starting the
main theorem of this paper, we also need the following.
Deﬁnition . Let (X,p) be a partial metric space.




p(xi,xj) – p(xi,xi) – p(xj,xj)
)
.
() Let r(A) = infx∈A(φ(x)); note B⊆ A implies r(B)≥ r(A).
() Let ′ ⊆. For each x ∈ X , deﬁne Sx = {f (x) | f ∈′}.
Lemma . D(Sx)≤ (φ(x) – r(Sx)).



















































































≤ [φ(x) – φ(f(x))] + [φ(x) – φ(f(x))]













Thus D(Sx)≤ (φ(x) – r(Sx)). 
Theorem . Let ′ ⊆ be closed under compositions. Let x ∈ X.
. Let ′ be closed under countable compositions. Then there exists an f¯ ∈′ such that
x¯ = f¯ (x) and g(x¯) = x¯ for all g ∈′.
. Let the elements of ′ be continuous functions. Then there exists a sequence of
functions fi ∈′ and x¯ = limi→∞ fifi– · · · f(x) such that g(x¯) = x¯ for all g ∈′.





– r(Sx ) <
ε
 .
Set x = f(x).
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Since ′ is closed under compositions, we have Sx ⊆ Sx and
D(Sx ) ≤ 
(
φ(x) – r(Sx )
)












– r(Sx ) <
ε
 .
Set x = f(x).
Since ′ is closed under compositions, we have Sx ⊆ Sx and
D(Sx ) ≤ 
(
φ(x) – r(Sx )
)







Continuing this procedure, we obtain a sequence of fi such that
xi+ = fi+(xi),Sxi+ ⊆ Sxi and D(Sxi+ ) < εi+.
Next, to show that g(x¯) = x¯ under hypothesis . Let f¯ =
∏∞
i= fi and x¯ = f¯ (x). Since ′
is closed under compositions, then f¯ ∈ ′. Since x¯ =∏∞j=i+ fj(xi), it implies that x¯ ∈ Sxi
for each i. On the other hand, since limi→∞ D(Sxi ) = , we have x¯ =
⋂∞
i= Sxi . Since g(x¯) =
g(
∏∞
j=i+ fj(xi)), we obtain that g(x¯) ∈ Sxi . Thus g(x¯) = x¯. Finally, to show that g(x¯) = x¯ under
hypothesis . Let x¯ = limi→∞ fifi– · · · f(x) = limi→∞ xi. First, since {xj}j>i ⊆ Si, for each i
we have that x¯ ∈ S¯i, the closure of Si. Since D(S¯i) =D(Si), we have that x¯ =⋂∞i= Sxi .
To verify that g(x¯) = x¯, observe that g(xi) ∈ Sxi for each i. Hence, for any ε > , there
exists i such that B ε (g(x¯)) ∩ Sxi = ∅, i > i (here we need g to be continuous). Therefore,











































































= ε + εi.









– p(x¯, x¯)≤ ε.
Therefore g(x¯) = x¯. The proof is completed. 
Remark In Theorem .() one may choose′ = {gn}, the set consisting of g and its ﬁnite
iterates. For this choice of ′, one has x¯ = limn→∞ gn(x) as in the contraction theorem.
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